Abstract. The Huneke-Wiegand conjecture has prompted much recent research in Commutative Algebra. In studying this conjecture for certain classes of rings, García-Sánchez and Leamer construct a monoid S s Γ whose elements correspond to arithmetic sequences in a numerical monoid Γ of step size s. These monoids, which we call Leamer monoids, possess a very interesting factorization theory that is significantly different from the numerical monoids from which they are derived. In this paper, we offer much of the foundational theory of Leamer monoids, including an analysis of their atomic structure, and investigate certain factorization invariants. Furthermore, when S s Γ is an arithmetical Leamer monoid, we give an exact description of its atoms and use this to provide explicit formulae for its Delta set and catenary degree.
Introduction
In [15] , C. Huneke and R. Wiegand propose the following conjecture regarding torsion submodules of tensor products. Conjecture 1.1 (Huneke-Wiegand) . Let R be a one-dimensional Gorenstein domain. Let M = 0 be a finitely generated R-module, which is not projective. Then the torsion submodule of M ⊗ R Hom R (M, R) is non-trivial.
Proposition 1.2 ([10, Corollary 7])
. Let Γ be a numerical monoid and K be a field. The monoid algebra K[Γ] satisfies the Huneke-Wiegand conjecture for monomial ideals generated by two elements if and only if for each s ∈ N \ Γ, there exists an irreducible arithmetic sequence of the form {x, x + s, x + 2s} in Γ.
Thus, understanding the atomic structure of Leamer monoids could provide progress towards proving the Huneke-Wiegand conjecture. In investigating these algebraic objects, we find that, beyond their importance in Commutative Algebra, Leamer monoids possess a very interesting factorization theory with numerous notable properties. We investigate several factorization invariants of S s Γ , including a computation of elasticity and a bound on the Delta set. In special cases, we provide exact formulae for length sets, Delta sets, and catenary degrees.
Although elements in Leamer monoids are arithmetic sequences in Γ of a fixed step size, the atomic properties of S s Γ differ greatly from the numerical monoid Γ from which they are derived. In particular, many of the computable invariants for numerical monoids (e.g. Delta sets, see [7] ) are harder to establish in Leamer monoids. Thus, investigating special cases (i.e. arithmetical Leamer monoids) becomes both necessary and fruitful.
As Leamer monoids are a novel construction, this paper provides much of the foundational theory for studying these intriguing algebraic objects. In Section 2, we provide several definitions and examples of Leamer monoids and investigate their atomic structure, showing that although they possess infinitely many irreducible elements, these atoms are still fairly constrained. In Section 3, we show that Leamer monoids have infinite elasticity and give an explicit bound for the maximal element of their Delta sets. In Section 4, we investigate the special case of arithmetical Leamer monoids, that is, Leamer monoids S s Γ where Γ is generated by an arithmetic sequence with step size s. For these Leamer monoids, we provide an exact description of the irreducible and reducible elements and use this to derive formulae for their Delta sets and catenary degrees. In Section 5, we provide several open problems related to factorization invariants of Leamer monoids and the study of S s Γ when Γ has certain types of generating sets.
Definitions and Atomic Structure of Leamer Monoids
In what follows, we let Γ = m 1 , . . . , m k be a numerical monoid (i.e., co-finite additive submonoid of N) where {m 1 , . . . , m k } constitutes its minimal generating set and m 1 < m 2 < . . . < m k .
That is, S Figure 1 . In this example, Γ is generated by an arithmetic sequence with step size 3, which is equal to s. The Frobenius number of Γ (53 in this case) can be easily read off the graph as the rightmost column absent of any dots. . . , m+ ks for some m, k ∈ N have the best understood set of irreducibles (see Section 4 for a detailed discussion). When Γ is not generated by an arithmetic sequence (or even when it is, but s is not equal to the step size between the generators), the Leamer monoids have less predictable structure. Motivated by these graphical representations, we present the following definitions that provide insight into the structure of Leamer monoids. Definition 2.4. For a Leamer monoid S s Γ and x ∈ Γ, the column at x is the set {(x, n) ∈ S s Γ : n ≥ 1}. If this set is empty, we say that no column exists at x. If a column exists at x, the column at x is said to be finite (resp., infinite) if the column has finite (resp., infinite) cardinality. The height of the finite column at x is max{n : (x, n) ∈ S s Γ }. Remark 2.5. Definition 2.1 makes sense for any s ∈ Z. However, if s ∈ Γ, then the atomic structure of S If F(Γ) is the Frobenius number of Γ, then clearly there exists an infinite column at F(Γ) + 1. In particular, both x 0 and x f exist; see Lemma 2.8 below.
Since the connection between Leamer monoids and the Huneke-Wiegand conjecture centers on the existence of irreducible elements of length 2, understanding the factorization structure of S s Γ is of significant importance. The first important observation is that Leamer monoids are atomic. We leave the proof of this to the reader. 
Proof. If (x, n) = (y, p) + (z, q) with n > 2, then at least one of p or q is greater than 1, yielding a factorization for (x, n − 1). This proves the contrapositive of (d). For (g), notice that for n ≥ 2 and x > F(Γ) + x 0 , we can write (x, n) = (x 0 , 1) + (x − x 0 , n − 1). The remaining proofs are left to the reader.
The above lemma motivates the following definitions.
Definition 2.9. Fix a Leamer monoid S s Γ and an x ∈ N whose column in S s Γ is non-empty. The element (x, 1) ∈ S s Γ is called trivial. The column at x is called purely irreducible (or purely atomic) if it contains only atoms, mixed if it contains both reducible and non-trivial irreducible elements, and purely reducible otherwise.
Example 2.10. In Figure 1 , the red dots with height 1 are all trivial atoms, whereas the element (42, 7) is a nontrivial atom. The column at 60 is purely atomic, since every element is irreducible, and the column at 52 is purely reducible, since its only atom has height 1. The column at 48 has 3 reducible elements, but every element with height at least 5 is irreducible, so this column is mixed.
Remark 2.11. The Leamer monoid in Example 2.2 has x 0 = 7 and F(Γ) = 53 and has non-trivial irreducibles at x = F(Γ) + x 0 = 60. Thus, the bound presented in Lemma 2.8(g) is sharp. On the other hand, the Leamer monoid in Example 2.3 has F(Γ) + x 0 = 89 + 13 = 104 with the last non-trivial irreducible occurring at 98. Thus, the bound is not always reached.
Elasticities and Delta Sets
In atomic, cancellative, commutative monoids, various invariants have been used to measure how far an element is from have unique factorization into irreducible elements. In this section, we investigate several of these invariants for Leamer monoids.
We begin by analyzing the elasticity of Leamer monoids. For more detail on elasticity, see [12 
denote the minimum and maximum factorization lengths of (x, n), respectively. The elasticity of (x, n) is given by ρ(x, n) = L(x, n)/ (x, n), and the elasticity of S s Γ is given by
We begin by showing that every Leamer monoid has infinite elasticity.
Theorem 3.2. For any Leamer monoid
. Letting t tend to infinity completes the argument.
Variants of elasticity also appear in factorization theory literature (see [6] and [9] ). For convenience, we define these here.
We now compute the refined elasticity for Leamer monoids.
and k ∈ L(tx f , tn f ). In fact, whenever n > n f and x > x f + F(Γ), we have (x, n) = (x f , n − 1) + (x − x f , 1), so (x, n) = 2. This shows max{ (x, n) : (x, n) ∈ S s Γ } < ∞ from which the second claim follows.
We continue this section with a discussion on the Delta sets of Leamer monoids. In particular, we show that the Delta set of any Leamer monoid is finite, and we give a method to compute its maximal element. For more information on Delta sets of commutative cancellative monoids, see [12, Section 1.4] . 
Proof. Fix a reducible element (x, n) ∈ S s Γ . By [3, Lemma 4.1], it suffices to show that (x, n) ≤ n * + 1. If n ≤ n * + 1, then so is (x, n). If n ≥ n * + 2, the column at x is infinite, so we can write x = y + z where there is a column at y and an infinite column containing nontrivial irreducibles at z. Since (x, n) = (y, 1) + (z, n − 1) is a sum of atoms, we have (x, n) = 2.
We now examine the length set L(x, n) for elements (x, n) ∈ S s Γ with x > > n. for (x, n) ∈ N 2 , and let
which gives s L < max i {s(x i , n i )}, so some (x j , n j ) must reside in an infinite column with n j > 1. By Lemma 2.8(d), we have (x j , a) ∈ A(S s Γ ) for all a ≥ n j . This yields a factorization (x, n) = (x j , n − k + 1) + i =j (x i , 1). This means (x, n + 1) = (x j , n − k + 2) + i =j (x i , 1), and for k ≥ 3, (x, n) = (x j , n − k + 2) + (x m + x n , 1) + i =j,m,n (x i , 1) for distinct indices j, m, n ≤ k. This proves both claims.
The proof of the following proposition is similar to that of Proposition 3.7 and is left to the reader.
Proposition 3.8. Fix a Leamer monoid
To conclude this section, we give a method to find max ∆(S s Γ ) by giving a bounded region in N 2 in which it must occur. This effectively gives an algorithm to compute the maximum value in the Delta set for any given Leamer monoid; see Remark 3.11. First, we give a technical lemma. 
If n > s L x , then by Proposition 3.7, we have ∆(x, n) ⊆ {1}. Now suppose x > x B . If n ≤ n i +λ, then by Proposition 3.8, ∆(x, n) = ∆(x B , n). If n > n i +λ, then for r ≤ λ−1, we can write (x, n) = (x i , n−r−1)+r·(x 0 , 1)+(x−x i −rx 0 , 1), so {2, . . . , λ + 1} ⊂ L(x, n). Thus, if k ∈ ∆(x, n), then by Lemma 3.9 some delta set value k ≥ k must occur in a column before x.
Remark 3.11. While the Delta sets in the regions described in Propositions 3.7 and 3.8 are very well behaved, nontrivial Delta set elements often occur throughout the remaining elements. This makes it very difficult to find a region on which the entire Delta set is obtained. This problem is solved when the Delta set is an interval; see Question 5.2. 
Leamer Monoids generated by arithmetic sequences
In this section, we discuss a Leamer monoid S s Γ where Γ is generated by an arithmetic sequence with step size s. In particular, we give a complete characterization of the Leamer monoids of this form, and use this to give a closed form for their Delta sets. 
. This completes the proof.
We now give a complete characterization of the elements and atoms of arithmetical Leamer monoids. 
It then follows by Proposition 4.2 that S We now give a closed form for the Delta sets for this class of Leamer monoids. 
. Now, in order for a nontrivial irreducible in the column at x = αm + is to appear in a factorization of (x T , kβ + 2), we must have a column at
If the column at x is infinite, then by Theorem 4.
This means any factorization containing a nontrivial irreducible from x must have length 2. Thus, any nontrivial irreducible in a factorization of length greater than 2 must lie in a finite column.
We claim that (x T , kβ + 2) has no factorization of length at most β + 1 consisting entirely of irreducibles in columns of the form m + is for some i ≤ k. (k − n j ) = rm + rsk − s(kβ + 2) so if r ≤ β + 1, this can be at most
This means there can be no factorization of (x T , kβ + 2) of this form.
By the above, every factorization of (x T , kβ + 2) of length at most β + 1 must contain a trivial irreducible. But this means the second coordinates of the (at most β) remaining factors must sum to kβ + 1, which is impossible since each such coordinate can be at most k. Thus, there can be no factorization of (x T , kβ + 2) of length strictly between 2 and β + 2, meaning β ∈ ∆(x T , kβ + 2). Now, for k = 1, x T = m(m + s + 1) and β ≤ m − 1, a similar argument shows that L(x T , β + 2) = {2, β + 2}. Thus, for any k ≤ m − 1, ∆(S We have the following immediate corollary. For a full treatment on the catenary degree, see [12] or [18] . A new invariant measuring how far an element is from being prime, called ω-primality, has been studied in several different settings, including numerical monoids (see [1, 2, 13, 17] ). A natural problem is to study ω-primality in Leamer monoids. 
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